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ABSTRACT 
In this paper, a new approach in the theory of nonlinear ill-posed problems is applied to the statement of one-
dimensional inverse scattering problems. The first problem is the problem of reflectometry subsurface analysis 
of one-dimensional permittivity inhomogeneities. The second is the problem of the synthesis of multilayer 
dielectric structures with a desired reflection spectrum. 
Keywords: nonlinear inverse scattering problems, dual regularization. 

1. INTRODUCTION 
Notwithstanding to multiple approaches that has been developed in various applications, nonlinear ill-posed 
inverse scattering problems have no rigorous solution by now. Only few of one-dimensional problems can be 
reduced to Gelfand-Levitan-Marchenko equation that is solved explicitly [1], but this theory is inapplicable to 
layered or absorbing media. Parameterization and model-based algorithms have no convergence, statistical 
regularization is typically inconsistent. Regularization algorithms based on the gradient minimization of 
discrepancy converge only in linear problems on compact sets of functions [2]. Tikhonov’s method of 
generalized discrepancy  is effective to linear problems for continuous functions [3], but, as applied iteratively to 
nonlinear problems, it also can be not enough effective. Some approaches have been worked out based on the 
electromagnetic perturbation theory, where inverse scattering problems have been formulated for non-linear 
integral equations and solved iteratively, as a sequence of linear Fredholm integral equations of the 1st kind, 
beginning with Born approximation (see, for example, in [4-7]). But in such nonlinear problems, corresponding 
algorithms demonstrated good results only in cases of low contrast inhomogeneities or if there is a good first 
guess. Results of the numerical study revealed serious limitations for large perturbations, when the Born 
approximation (first guess of iterative method) gives poor results. 

In [5,8], a new method of dual regularization [9-12] based on the Lagrange approach in the general 
optimization theory has been proposed in application to inverse scattering problems, and corresponding 
algorithms have been studied in numerical simulation in application to problems of reflectometry analysis of 
diffuse inhomogeneities in multilayer periodic structures of X-ray optics by multifrequency reflection data. Here, 
this new method is considered from a more generous point of view and proposed to applications in 
multifrequency reflectometry subsurface diagnostics of one-dimensional inhomogeneities of permittivity and in 
the similar problem of synthesis of aperiodic structures with a desired refraction spectrum. 

2. LAGRANGE APPROACH IN INVERSE PROBLEMS 
In most of inverse problems of physical diagnostics [3] it is convenient to transform the initial problem 
formulated in terms of differential equations to the statement based on the solution of integral equations, 
typically integral equations of the 1-st kind (Fredholm or Volterra), and there are a number of effective solving 
methods, such as Tikhonov’s method of generalized discrepancy, regularization on compact sets, and some 
others [2]. Whereas this reduction to integral equation is a proper way in linear problems, in considered non-
linear problems, the transfer from the differential statement to its “integral analog” can be a new independent 
and, mostly, more complicated problem. To make such a transition, one has to use various approximations (for, 
example, Born approximation). At that, errors appear, and the initial physical model may be essentially distorted.  

However, such inverse problems can be formulated as problems of conditional optimization with the 
equality-kind restriction in the space of feasible solutions X 

                                                 ( ) min, ( ) ,f x g x p x D X ,                                                               (1) 
where :f X R  is a functional to be minimized, :g X H  is an operator that links desired solutions 
x X to their indirect manifestations p from the space H obtained from a physical experiment; D X is a set 
determined from a priori information about the desired solution. Considered here problems can also be 
formulated as (1); at that X, H are infinite-dimensional Hilbert spaces. These problems are problems of 
mathematical or nonlinear programming due to nonlinearity of the continuous operator g.  

In the theory of conditional optimization, the classical Lagrange principal is mainly used for the solution of 
problems of mathematical programming that is the criteria of optimality known as Kuhn-Tucker theorem for 
problems of convex programming (f is a convex functional, g is a linear operator, D is a convex set). The main 
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condition of Kuhn-Tucker theorem is the supposition of the existence of Kuhn-Tucker vector in the problem (1), 
i.e. of the vector * H that satisfies inequality 
                                                              *( ) ( ) ( , ),f x f x L x x D ,                                                             (2) 
where x D is the solution of (1), ( , ) ( ) , ( )L x f x g x p is the Lagrange functional. 

Unfortunately, it is impossible to use both Lagrange principal and Kuhn-Tucker theorem in practice directly 
because they are unstable relative to data errors – and it is the consequence of the same instability of these 
problems themselves. However, it is possible to overcome this shortcoming on the base of the dual regularization 
approach [9-12] that is a formal procedure of Tikhonov stabilization of the solution of the problem of concave 
optimization dual to (1): 
                                                             ( ) min ( , ) max,

x D
V L x H                                                            (3) 

with the simultaneous parallel construction of minimizing sequence in the initial problem (1). The main 
condition of stability of so-called stable sequential Kuhn-Tucker theorem [11] for the problem (1) is the 
existence of the generalized Kuhn-Tucker vector * H that satisfy 
                                                               *( ) ( , ),cf x L x x D ,                                                                      (4) 

where 2( , ) ( ) , ( ) ( ( ) ( ) )cL x f x g x p g x p g x p is the modified Lagrange functional,  > 0 is 
a penalty coefficient. It is possible to demonstrate that the existence of the generalized Kuhn-Tucker vector in 
the nonlinear problem (1) is its typical property. In cases, when there is no such vector, the penalty coefficient 

 should approach infinity concordantly to data errors, so this method covers a broad region of possible 
applications. The applied here procedure of the minimizing, sequence construction that is included in the stable 
sequence Kuhn-Tucker theorem coincides, in fact, with the procedure of dual regularization itself [9-11]. 

3. ELECTRODYNAMICS OF MEDIA WITH ONE DIMENSIONAL PERMITTIVITY PROFILES 

In a media with an inhomogeneous distribution of complex permittivity 1( ) ( )ir r  in a quite generous 
case of an inhomogeneity 1( )r  in a multilayer medium with permittivity i in ith –layer, the complex amplitudes 
of vectors of electrical and magnetic fields E, H [ ~ exp( )i t ] are determined by the complex amplitude of the 
source electric current density j  from Maxwell equations that, using formalism of Green functions, can be 
reduced to the nonlinear integral equation [6]: 

                                                  1 14
( ) ( ) ( ) ( ) ( , ) ( ) ( )

V

i d0 0E r E r E r E r G r r r E r r ,                                  (5) 

                                                                 0 ( ) ( ) ( , , , )
V

x x y y z z dE r j r G r                                                   (6) 

where the total electric field ( )E r  is expressed as the sum of probing field ( )0E r and scattered field 1( )E r . 
Equation (5) is a Fredholm integral equation of the 2-nd kind for soling the direct problem – calculation of 

( )E r that can be expressed by Neumann series. The inverse scattering problem – to retrieve subsurface 
inhomogeneities 1( )r by measurements of scattered field – can be solved beginning with Born approximation: 

                                                                   1 1 04
( ) ( , ) ( ) ( )

V

i dE r G r r r E r r  ,                                                (7) 

The convolution equation (6) for the probing field can be transformed in k-space over transversal co-ordinates: 

                                                        0 ( ) 4 ( , , ) ( , , , ), , x y x y
z

x y z z z dzzE j G ,                                         (8) 

where spectral components of Green tensors ( , , , )x y z zG  have been obtained explicitly for arbitrary 
multilayer media in [6]. In papers [6,7], have been considered various cases, when (7) can also be reduced to 
convolution equations over transversal co-ordinates, and then, using Fourier transform – to one dimensional 
integral Fredholm equations of the 1st kind relative to 1( , , )x y z that should be solved for each pair ,x y . 
Then, finally, the inverse Fourier transform of obtained k-space distributions gives us desired solutions of initial 
3D problems. 

In cases of one-dimensional media, corresponding inverse problems are much simplified. Equation (5) in any 
case can be is reduced to one-dimensional integral equation in k-space: 
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                                      0 14
( , , ) ( , , ) ( ) ( , , , ) ( , , )x y x y x y x y

z

iz z z z z z dzE E g E .                              (9) 

However, the iterative solving of the inverse problem based on (9), as it was mention above, may lead to 
poor results in cases of strong inhomogeneities. So, to solve such inverse problems in frameworks of the dual 
regularization method, rewrite (9) as 

                                            , , , ,
0 0( , , 0) ( , ,0) [ ]( , ) ( , ,0)x y x y x y x yz RE E E .                        (10) 

Then, the statement of such inverse problems can be based on analysis of reflection coefficients at TH and 
TE polarizations of plane waves or of some functional of these coefficients that can be calculated from initial 
differential equations for any one-dimensional inhomogeneity. To retrieve the profile of permittivity 
inhomogeneities 1( )z , it is reasonable to use the frequency dependence of the informative part of reflection 
coefficients of a plane wave 1 0[ ]( ) [ ]( ) [ ]( )r R R , where 0 is a supposed permittivity of unperturbed 
(in general, multilayer) media. The solution is simplified, if the complex permittivity is determined by a single 
parameter of inhomogeneity, such as conductivity at low-frequency sounding of earth crust or a proper 
dimensionless coefficient f that determines permittivity in mixing formulas. 

4.  INVERSE PROBLEMS OF MEDIA DIAGNOSTICS AND OF SPECTRAL SYNTHESIS 
IN MULTILAYER STRUCTERES 

4.1 Media diagnostics 

In this statement, the problem of the medium diagnostics is formulated like this: 

                                                                    0[ ]( ) = ( )r f r ,                                                                    (11) 

where 0 ( )r - data of measurements. This problem is nonlinear and, to apply the dual regularization in 
nonlinear cases it is necessary to use modified Lagrange functions with added penalty terms – in the same way as 
it has been explained above. So, the modified Lagrange functional in (4) for our problem can be written as: 

                    

2

1/ 2
2 2

[ ]( ) ( ), [ ]( ) ( )

{ [ ]( ) ( ) [ ]( ) ( ) },

L f f f d

f d f d

0

0 0

       (12) 

where  is a scalar product, 1 2( , ) , 0 , and, to simplify above formulas, the complex-valued is 
considered in (12) as a two-dimensional vector of its real and imaginary parts. The role of the parameter  is 
that at large enough values the minimum of modified Lagrange function [ ]( )L f  over ( )f z  exists for any . 
Then, following [9], we write the dual problem, regularized according Tikhonov [2] that is a problem of 
maximization of the concave functional in the Hilbert space 2

2 1 2 2 1 2 2 1 2( , ) ( , ) ( , )L L L  : 

                                              2

|| || 
[ ]( ) min [ ]( ) || || max,

f D
V f L f                                                    (13) 

where, maximum is found over   from the set 2
2 1 21 2{ ( , ) : || || }( , ) L , 

2{ ( ,0) : ( ) 1}nD f L z f z . At the maximization of the functional in (13), one can use an element of the 
supergradient of this functional that can be expressed explicitly. 

The problem is complicated, if the power reflection coefficient is measured [4,5,8]. In this case, phase 
information is lost, and (11) can be written for 2 2

1 0[ ]( ) [ ]( ) [ ]( )r R R . 

4.2 Synthesis of aperiodic multilayer structures with desired reflection spectra 

The proposed method can also be applied in synthesis of multilayer structures with desired reflection properties. 
In this case the right side of (11) should be considered as an objective function. There are no data errors in this 
problem; however, the objective function may be unattainable. Such an approach can be applied in multilayer 
optics, for example, in development of X-ray mirrors with desired reflection spectra. The problem consists of the 
calculation of a vector d of layer’s depths deviations from a properly chosen initial periodic multilayer structure 
of two materials. In the dual regularization approach, the corresponding algorithm can be expressed as: 
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                                                                    2 2
0[ ]( ) ( )R Rd ,                                                                  (14) 

In this case 2 2[ ]( ) [ ]( ) [0]( )r R Rd d , and the problem is formulated as 

                                                           0[ ]( ) = ( )r rd ,                                                                        (15) 

              

2

1/ 2
2 2

[ ]( ) ( )[ [ ]( ) ( )]

{ [ ]( ) ( ) [ ]( ) ( ) },

L r r d

r r d r r d

0

0 0

d d d

d d
 

                                          2

|| || 
[ ]( ) min [ ]( ) || || max

D
V L

d
d d  

where 2
0( )R is an objective function. This method can provide a better convergence to desired spectra in the 

synthesis multilayer mirrors in various spectral bands. 

5. CONCLUSIONS 
A new approach in the theory of nonlinear ill-posed problems based on Kuhn-Tucker theorem is applied to 
reflectometry inverse problems related to analysis of subsurface diagnostics of permittivity inhomogeneities by 
multifrequency reflection measurements and similar problems of synthesis of dielectric structures (multilayer 
aperiodic mirrors) with desired reflection spectra subsurface dielectric profiling and of electromagnetic. Based 
on the developed theory, solving algorithms have been worked out and tested in application to reflectometry 
diagnostics of diffuse inhomogeneities in periodic structures of X-ray optics and to synthesis of aperiodic 
mirrors with desired reflection spectra that demonstrate quite good results. Similar applications could be 
developed in different spectral bands – low-frequency sounding of earth crust, microwave ground-penetration 
radar diagnostics of subsurface permittivity profiles, and multilayer optics. 

ACKNOWLEDGEMENTS 
This work was supported by Russian Foundation for Basic Research, grants No. 12-01-00199, 13-07-97028_r, 
13-02-12155_ofi_m), and by the program of Russian Academy of Sciences. 

REFERENCES 
[1] I.M. Gelfand and B.M. Levitan: On the determination of a differential equation from its spectral function, 

Amer. Math. Soc. Transl. (2), vol. 1, p. 253, 1955. 
[2] A.N. Tikhonov: Solution of Ill-Posed Problems, New York: Winston, 1977. 
[3] K.P. Gaikovich: Inverse Problems in Physical Diagnostics, New York: Nova Science Publishers Inc., 

2004. 
[4] M.M. Barisheva, K.P. Gaikovich, P.K. Gaikovich, et al.: Reflectometry sounding of inhomogeneities in 

periodic multilayer structures, in Proc. ICTON 2010, Munich, Germany, paper Tu.P5, Jun. 2010. 
[5] P.K. Gaikovich, M.I. Sumin, and K.P. Gaikovich: One-dimensional inverse scattering problem, in Proc. 

ICTON 2011, Stockholm, Sweden, paper WeA2.4, Jun. 2011. 
[6] K.P. Gaikovich and P.K. Gaikovich: Inverse problem of near-field scattering in multilayer media, Inverse 

Problems, vol. 26 pp. 125013, 2010. 
[7] K.P. Gaikovich, P.K. Gaikovich, Ye.S. Maksimovitch, and V.A. Badeev: Pseudopulse near-field 

subsurface tomography, Physical Review Letters, vol. 108, pp. 163902, 2012. 
[8] K.P. Gaikovich, P.K. Gaikovich, and M.I. Sumin: Inverse scattering problem in pseudopulse diagnostics of 

periodic structures, in Proc. 4th Int. Conf. on Mathematical Methods in Electromagnetic Theory, Kharkiv, 
Ukraine, pp. 390-393, Aug. 2012. 

[9] M.I. Sumin: Regularized dual method for nonlinear mathematical programming, Comput. Math. Math. 
Phys., vol. 47, pp. 760-779, 2007. 

[10] M.I. Sumin: Parametric dual regularization in a nonlinear mathematical programming, Advances in 
Mathematics Research, vol. 11, Chapter 5, New-York: Nova Science Publishers Inc., pp. 103-134, 2010. 

[11] A.V. Kanatov and M.I. Sumin: Sequential stable Kuhn-Tucker theorem in nonlinear programming, 
Comput. Math. Math. Phys., vol. 53, pp. 1078-1098, 2013. 

[12] M.I. Sumin: Duality based regularization in a linear convex mathematical programming problem, Comput. 
Math. Math. Phys., vol. 47, pp. 579-600, 2007. 

 4 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (None)
  /CalCMYKProfile (None)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.7
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 200
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 200
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /ENU (Use these settings to create Adobe PDF documents suitable for reliable viewing and printing of business documents.  Created PDF documents can be opened with Acrobat and Adobe Reader 6.0 and later.)
    /POL <>
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


