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ABSTRACT 
The inverse problem of electromagnetic scattering of media with one-dimensional permittivity distribution is 
considered. Two approaches are applied in the study. First is based on the solution of non-linear integral 
equation for the scattered field; second-involves in analysis the Lagrange formalism applied to initial differential 
equations (Maxwell’s equations). Based on the developed theory, solution algorithms have been worked out for 
diagnostics of subsurface permittivity inhomogeneities into multilayer periodic dielectric structures. 
Keywords: inverse scattering problem, permittivity profile, multilayered periodic structures 

1. INTRODUCTION 
Inverse problems of scattering are widely used in various methods of sounding and tomography of media 
parameters in electromagnetism, acoustics and quantum mechanics. For one-dimensional (1D) distributions of 
media parameters, they can be reduced to the known Gelfand-Levitan-Marchenko equation (1). However, such 
generalizations are inapplicable to layered or absorbing media. This simplest problem for the ultra low-frequency 
electromagnetic geomagnetic sounding of earth crust permittivity profiles has been formulated firstly by 
Tikhonov [2] in frameworks of his general theory of ill-posed problems. The frequency dependence of the 
effective depth of the received signal formation (skin-depth) of measured fields was in use in this method, 
applied further in the magnetotelluric exploration [3].  

In [4-6], in frameworks of electromagnetic perturbation theory, the inverse scattering problem in various 
statements has been reduced to the non-linear integral equation of the 1st kind that should been solved iteratively, 
beginning with the Born approximation. Based on this equation, the one-dimensional problem of low-frequency 
earth crust profiling has been solved with the use of Tikhonov’s method of generalized discrepancy [7]. Results 
of the numerical study [7] for low-frequency conductivity sounding have demonstrated serious limitations of 
such approach for large perturbations, when the Born approximation (first guess of iterative method) is 
inapplicable. To overcome these restrictions of perturbation theory, the new method of dual regularization based 
on the Lagrange approach in the optimization theory [8] has been applied in this problem to solve initial 
Maxwell equations [9]. Results show its ability to retrieve very strong variations of conductivity profiles.   

The approach, based on the solution of the non-linear integral equation has been also applied to diagnostics 
of permittivity inhomogeneities in multilayer periodical structures that are basic elements of the modern X-ray 
optics [10]. Since their invention in 1976 [11], they have been widely used as reflectors, polarisers and filters in 
the “soft” X-ray range, where crystals are irrelevant. Their parameters were optimized for different purposes, but 
some deviations from a desired perfect meander structure appear at the synthesis. For diagnostics of these 
structures, measurements of X-ray scattering are in use. This method has some obvious advantages: it is 
noncontact, non-destructive and fast in comparing to an electron microscopy or SIMS (secondary ion mass-
spectrometry). One-dimensional structure defects can be described in the terms of permittivity profile by 
a mirror depth. Here we present results of numerical simulation of the corresponding inverse scattering problem 
solution based on non-linear integral equation and propose a new method of this problem solution based on the 
dual-regularization approach. 

2. APPROACH BASED ON THE INTEGRAL EQUATION 
Following [10], consider a periodic multilayer (in z-direction) medium with the period 1 2d d d= +  with 
a complex permittivity profile ( ) ( ) ( )z z i zε ε ε′ ′′= +  that is expressed as 
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where the profile of inhomogeneities 1 1( ) ( )z z dε ε= +  is also periodic. If the distribution of a probing electric 
field at 1 0ε =  is ( )0E r , the total field for a structure with inhomogeneities can be expressed as a sum of probing 
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and scattered fields 0 1( ) ( ) ( )= +E r E r E r . In the considered case of the reflectometry of one-dimensional media, 
when plane waves are used as the probing field, the total field is also expressed as ( ) ( )exp( )x yz ik x ik y= +E r E , 
so that: 

 0 14
( ) ( ) ( ) ( , ) ( )

z

iz z z z z z dzω
π

ε
′

′ ′ ′ ′= − ∫E E g E  (2) 

where the Green tensor g  for a multilayer media are obtained using the input impedance formalism [12]. The 
field distribution can be obtained iteratively from (2) in the form of Neumann series beginning with the Born 
approximation ( 0( ) ( )z z′ ′=E E in the second term of the right-hand side in (2)). To solve the corresponding 
inverse problem, this equation also should be solved beginning with the Born approximation, when it is possible 
to obtain a quite simple equation for the perturbation of the power reflection coefficient rΔ [10]. It depends on 
the viewing angle and frequency and can be written in a compact form as: 

 22 2
0 1 1( , ) Re ( ) ( , , )

z

r R R R z g z dzθ ω ε θ ω
′

′ ′ ′Δ = − = + ∫  (3) 

where ( , , )g zθ ω ′  includes contributions of Green functions for TE and TH polarizations, the total reflection 

coefficient 2 2 2*
0 0 1 12Re( )R R R R R= + +  is determined by reflection coefficient of the unperturbed meander 

structure 0R  (that can be calculated by known parameters of the meander structure 1 2, ,d d N  and by known 
dielectric parameters of this structure) and by the coefficient 1R  related to the scattering on inhomogeneities. 
Because 1( )zε  is formed due to the mutual penetration of two components of the meander structure, it is 
reasonable to represent it as 1 03 02( ) ( )( )z f zε ε ε= − , where the real profile ( )f z  determines the complex 
permittivity perturbations. Then, it is possible to use the periodicity property of 1( )zε ′  to include the 
contribution of all the layers in the kernel: 
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Denoting
22 2 1

0 1 1( , ) ( ( ))n nr R R R zθ ω ε −Δ = − − , we obtain the desired integral equation of the inverse scattering 
problem that can be written in a compact form as: 

 ( ) ( 1) ( )

0

( , , ) ( ) ( , , )
d

n n nr f f z K z dzθ ω θ ω−Δ = ∫  (5) 

that can be solved iteratively, beginning with (0) 0f =  ( 2 2
1 0R R ). At each step of the iteration, the 

equation (5) is a Fredholm integral equation of the 1st kind. To solve this ill-posed problem, we use the 
Tikhonov’s method of generalized discrepancy [4,10].  

The proposed method has been applied to the study of the permittivity perturbations in the multilayer X-ray 
mirrors. It is well-known that depths 1 2,d d  of layers can be determined for these periodic structures from 
angular reflectometry measurements at a short enough wavelength ( λ = 0.154 nm for the periodic Mo-Si 50-
layer structure in [10]), using the best fit. Then, the permittivity inhomogeneities of this structure have been 
studied using multifrequency reflectometry measurements at longer waves that are more sensitive to the profile 
variations. The spectral range ( )12.5 14.5 nmλ = ÷  has been in use in [10] at the elevation angle 85θ = ° , where 
TE-component is dominated in scattering. As it has been shown in [10], in this spectral range the kernel of (5) 
has a high depth-frequency variability that ensures the proper sensitivity to profile variation. 

In Fig. 1 results of numerical simulation of the profile retrieval from the solution of (5) are given with the 
same parameters of meander structure as in [10] and at the same level of simulated random errors 
( 2 0.015Rδ = ). 
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Figure 1: Left,(1) 2
0 ( )R ω , (2) 2( )R ω + δR2, (3) retrieved 2( )R ω , (4) 2

1( )R ω ;  
Right, (1) meander structure, (2) initial profile of Re ( )zε ,(3) retrieved profile. 

Results demonstrate a good enough quality of the profile retrieval. Calculations show that the correction of 
the kernel in the next approximation of the perturbation theory has small effect on the solution. However, it was 
obtained in the simulation that at stronger profile variations, the contribution of the term 2

1 1( ( ))R zε (line 4 in 
Fig. 1), that is neglected at the first step of iterations in (5), can break the algorithm convergence. Because of this 
reason, we propose here the algorithm of dual regularization method to solve this non-linear ill-posed problem.  

3. DUAL REGULARIZATION METHOD 
For brevity, consider the scheme of the dual regularization method for measurements of TE-polarization. The 
differential equation for this component in a dimensionless form is written as 

 
22

2
2 [ ( ) cos ] = 0d e z e

cdz
ω ε θ⎛ ⎞+ −⎜ ⎟
⎝ ⎠

 (6) 

where 0 0 0( = 0, 1), Im 0, ( = 0, ( )) /E E z E e E z z Eε ε= = = = .Taking into account that 2( ) = ( = 0) 1R e zω −  
and changing variables 1 2 3 4= Re , = Re / , = Im , = Im /x e x d e dz x e x d e dz , ( ) c+ d+(a b) ( )z i i f zε = + , write 
the main scheme of the proposed algorithm. To obtain the solution, it is necessary to minimize the functional 

 2 2
0 0 0( , )  minI f x f x≡ + →  (7) 

at conditions: 

 

4 2 2
0 2 0 1 0 01 03 1 2

4
1 0 0 2 0

*
0 0 01 01 01 01

( , ) D { :[ , ] R; L ( , ); R }, ( , )( ) [ 1] , [ , ],

( , ) = ( ), ( , ) L ( , ) D, ( ) ( )

= ( ( )) , ( ) ( , , , ) , ( ) 0, ,

n n

n

i i

f x f z z f z z x I f x x x

I f x R f x z z R f z d f z
dx A f z x x z x x x x x x z z
dz

ω ω ω ω
ω

∈ ≡ → ∈ ∈ ≡ − + ∈

∈ × ≡ + =

= ≡ → → ∞

 

 

2 2 2

2 2 2

0 1 0 0

( ) (c+a cos ) 0 ( ) (d+b ) 0
( ( )) =

0 0 1

( ) (d+b ) 0 ( ) (c+a cos ) 0

f f
c cA f z

f f
c c

ω ωθ

ω ω θ

⎛ ⎞
⎜ ⎟
⎜ ⎟− −
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟− − −⎜ ⎟
⎝ ⎠

 

In the considered problem it is necessary to use the modified Lagrange function [8]. It can be built as  
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At a large enough μ , (8) has a guaranteed minimum obtained by gradient minimization. The regularized dual 
problem that gives the minimum of (7) consists of maximizing the concave functional 
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0 2 1 2( , )
( ) || || min ( , , ) || || max, { L ( , ) : || || },

f x
V L f xμ μ μλ α λ λ α λ λ λ ω ω λ μ− ≡ − → ∈ Λ ≡ ∈ ≤  (9) 

where α is the regularization parameter on the Hilbert space 2 1 2( , )L ω ω , using the explicit formula for the 
supergradient 

0 01 0 [ ], [ ]( ) / = {[ [ , ]( ) ( )] | f f x xV conv I f x R
μ μμ λ λλ λ ω ω = =∂ ∂ − . 

4. CONCLUSIONS 
The one-dimensional inverse scattering problem based on the non-linear integral equation has been studied in 
numerical simulation for permittivity profiling of periodic structures. New method of dual regularization based 
on the solution of initial Maxwell’s equations has been proposed to overcome available difficulties in solution. 
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