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Application of the Correlation Theory of Thermal
Regime and Thermal Radio Emission for Atmosphere

Konstantin P. Gaikovich

Abstract—The results obtained by application of the earlier
developed stochastic theory of temperature distribution and
thermal radio emission of medium (half-space) to atmosphere are
presented. It was obtained that the exponential autocovariance
function of the surface temperature is in good agreement with that
determined from meteorological data (such covariance functions
are inherent in random processes generated by the Poisson
process). The theory offers a good qualitative explanation of the
frequency and height dependencies of statistical parameters,
and for some of these parameters there is a good quantitative
agreement. The theoretically predicted effect of the time shift of
the correlation functions maxima was discovered in the data. The
theory was generalized for the spatial inhomogeneities of atmos-
phere, and the vertical correlation length of random atmosphere
inhomogeneities was obtained as the geometric mean from the
diffusion length and the horizontal correlation length of surface
temperature.

Index Terms—Author, please supply your own keywords or send
a blank e-mail to keywords @ieee.org to receive a list of suggested
keywords.

1. INTRODUCTION

HE EARLIER DEVELOPED stochastic theory consid-

ered the thermal conductivity equation and formulas of
[1] and [2] with random boundary conditions. In [1], on the
basis of a simultaneous solution of the emission transfer and
the thermal conductivity equations, it proved possible to obtain
expressions for the brightness temperature of the radio emis-
sion as integrals of the boundary conditions evolution (surface
temperature or heat flux) and next, in [2], perform an inversion
of these expressions to obtain formulas for the temperature dis-
tribution (profile) of a medium (half-space) as integrals of the
brightness temperature evolution. These formulas together with
the thermal conductivity equation have also been used to de-
velop the above-mentioned stochastic theory of the temperature
regime and the thermal radio emission of medium, assuming
the surface temperature as a random stationary function of time
with the average value (Tp), the mean-square deviation o, and
the autocovariance function Br, 1, (7) = ((To(t)—(To))(To(t+
7)—(T0))) [4], [5]. This theory gives necessary covariance func-
tions and statistical parameters as linear integrals of the surface
temperature covariance function. The integral expressions ob-
tained were of the convolution type; hence, it was convenient to
apply the spectral approach for the following analysis [5], which
completed development of the correlation theory of the thermal
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regime and the thermal emission of a homogeneous half-space.
All the statistical parameters of temperature and emission have
been expressed as one-dimensional integrals depending on the
medium parameters: electromagnetic absorption coefficient ~y
and thermal diffusion coefficient a?. For the exponential covari-
ance function of the surface temperature, some results have been
obtained in the explicit form, and numerical simulation has been
carried out [5]. In this paper, the developed theory is applied for
the atmosphere. It is also generalized for the case of a horizon-
tally inhomogeneous atmosphere.

The results of the theory application to atmosphere can be
used in radiometer methods of temperature profile remote
sensing by measurements of thermal radio emission at mil-
limeter wavelengths [6]-[10]. au: what is volume number
for [10]? am assuming it is a journal article The covariance
matrix is used in the statistical regularization method as well as
in calculation of the statistical extrapolated temperature profile
as the most suitable first guess.

II. PROBLEM FORMULATION

A possibility of applying a theory to real media (atmosphere,
soils), as it has been already mentioned in [4], very much de-
pends on the condition of homogeneity for the medium param-
eters a? and ~y. There definitely exist homogeneous soils. As for
the atmosphere, the eddy diffusivity coefficient largely varies
with altitude and time. Nevertheless, the research here is much
easier owing to availability of meteorological data, so it is pos-
sible to verify applicability of a theory on the basis of compar-
ison with the empirical statistics.

It should be mentioned from the very beginning that the ex-
ponential autocovariance function of surface temperature

Br,1,(T) = o2 exp(—7/70) (1

where there is only one time parameter; 7y (correlation time)
is in good agreement with that determined from meteorological
data. Covariation function (1) corresponds to the structure func-
tion

Dry1,(7) = Doo(1 — exp(—7/70)). 2)

In Fig. 1, the structure function of deviations of the surface tem-
perature from its mean values (to eliminate the seasonal trend)
is presented. The statistical ensemble of the near-surface tem-
perature measurements in the continental conditions (Russia,
Nizhny Novgorod) for 70 years of observations with one-day
interval has been used. The estimation of the statistical error is
0.8 K2. The minimum rms deviation of (2) from the empirical
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structure function (see Fig. 1) amounts 0.75 K? at 79 = 3.0
days, Do, = 55.85 K2, so it is within the statistical estima-
tion error. Hence, the autocovariance function (1) should be used
with the value oy/D,,/2 = 5.3 K. So, it was proved possible
to use the corresponding formulas [5] in the following anal-
ysis. It is a remarkable result because such a covariance func-
tion is inherent in random processes which are generated by the
Poisson process, so the atmosphere weather temperature vari-
ability could be considered as the process of this kind. It means
that the value of 7y determines both the mean time of the tem-
perature weather stability and its rms variances relative to this
mean value.

For the exponential surface temperature covariance func-
tion (1) in [5] three basic covariance functions have been
obtained: the interlevel temperature covariance function
Br,1, (22, 21, T), the interwavelength radio brightness covari-
ance function Bty Ty, (A1, A2, 7), and the cross-covariance
function Bt (7) for the radio brightness at wavelength A
and the temperature at depth level z, as shown in (3)—(5) at
the bottom of the page, where r, = /I, /1, r = /I'/70,
r. = +/T/7o (dimensionless parameters), ' = 1/(vya)?
is a time scale of the skin-depth heating (the skin-depth is
d =1/v),and ', = 22/a? is the time scale of the heating of
the layer with the depth z.

The above expressions determine the values of the
rms variances of temperature and radio brightness
U?F(Z) = Br,1,(%, 2, 0), O—%B(/\) = BT}31TB2 (A A, 0), of
the autocovariance functions Brr(z, 7) = Br,1,(2, 2, 7),

Bry1g ()\7 7') = BTBITB2 ()\ A, ’7'), and of the
corresponding correlation functions of temper-
ature and radio brightness Ry, 1,(21, 22, t) =

Br, 1, (21, 22, T)/(01(21)01(22)), R, T, (A1, A2y 7) =
Bry, 14, (A1, A2, 7)/ (01, (A1) 0T, (A2)),

Rry1(T) = Bryr(7)/(075(A)or(2)). If thermal emission
is received from the direction at the elevation angle 6, then
in all of the above expressions the substitution v — ~/sin 6
should be made.

From (3)—(5), it follows that the respective autocovariance
functions should depend on two of the dimensionless parame-
ters, and the rms variances should depend only on one of them.
For the exponential covariance function (1), some statistical pa-
rameters can be expressed in the explicit form. In particular,

7, days
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Fig. 1. Time structure function of surface air temperature obtained (solid line)
by the 70-year meteorological statistics and (dashed line) its approximation by
expression (2).

we have (6)—(8) (shown at the bottom of the page) where 1 F}
is the singular hypergeometric function, « = +/79/T" = 1/r,
A = a,/7g, and Tj is the surface temperature. The parameter A
defines the depth scale of random temperature variations pene-
tration into medium.

III. APPLICATION FOR ATMOSPHERE

For the exponential covariance function (1) a numerical sim-
ulation has been carried out in [5]. The theory and the empirical
parameters were compared using the data provided by a rou-
tine meteorological sonde service over three months (every day
measurements at the same diurnal time). Temperature was mea-
sured at 70 height levels from the surface up to 30-km height
with an accuracy of 0.1 K. Two datasets have been in use: the
continental data (Russia, Nizhny Novgorod, winter conditions)
and the tropical ocean data (tropical Pacific). Thus it was pos-
sible to calculate the correlation functions only at the values of
the time shift 7 with a one-day step. It made possible to ignore
the diurnal trend of mean values.

The radio brightness was calculated from the sonde data
(taking into account the height dependence of the absorption
coefficient y) in the frequency range 54—60 GHz (in the atmos-
phere oxygen absorption band) in the zenith direction. In this
range the skin-depth of the radio brightness formation changes
from 0.25 km at 60 GHz up to 1.8 km at 54 GHz, and the ab-
sorption coefficient is nearly height-independent. Thus, it was
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possible to use the surface value of the absorption coefficient
for the calculation in (3)—(5). The thermal diffusion coefficient
a’® (the eddy thermal diffusivity is mainly responsible for its
value) was, therefore, the only free parameter in the theory
and its effective value (which physically is some weighted
mean over height) could be determined by using any of the
expressions (3)—(5) to achieve the minimum deviation from the
corresponding parameters calculated using a meteorological
dataset.

For this purpose, the correlation function between tempera-
ture and its surface value at a zero time shift was chosen because
in the temperature and radio brightness variances (that could
also be used in this end) the contribution of unaccounted-for
components of the temperature variability should be more
considerable. These components are convection, advection,
IR-emission and latent heat sources. One may expect the effect
on the chosen interlevel correlation function to be similar to
some of this components, in particular, to convection which,
like the eddy diffusion, smoothes the temperature overfalls.
The influence of convection, at least partially, should be
accounted for in effective value of a?. At nonzero time shifts
the unaccounted-for atmosphere variability should diminish the
empirical correlation functions as compared to their theoretical
values. The results for the continental and tropical datasets
turned out similar, so only the continental case is presented
below

Fig. 2 shows the empirical and theoretical [from (3)] corre-
lation function Rt T between the temperature and its surface
value versus height for three different values of time shift 7 = 0,
41 at the best fit (at 7 = 0) value of the effective thermal dif-
fusivity a? = 11.6 m?/s, which may be considered as a reliable
value. At 7 = 0 there is a good agreement with the theory up
to the height of about 1.5 km. At higher levels, the contribu-
tion of the unaccounted-for atmosphere variability components
increases, as easily seen from Fig. 3, where the relative rms
temperature variances are shown. The theoretical and empirical
variances are in a agreement up the height of about 1 km. The

correlation function height dependencies Rt at 7 = %1 day
agree qualitatively with the theory. One can see that the max-
imum of the empirical correlation function at 7 = 0 is located
at the same height level as the maximum of the theoretical cor-
relation function. Besides, at the time shift 7 = 1 day, there
is a height where the empirical correlation function exceeds its
values for 7 = 0. One can see that the effect of a time shift
in the correlation maximum, which has been predicted in [5],
is discovered in real meteorological statistics. From the phys-
ical point of view, it happens because the temperature variations
transfer from the surface into medium not instantly but by means
of thermal conductivity. This qualitative agreement between the
theory and the experiment is the main result of the paper.

The main difference between the empirical and theoretical
functions at 7 = =+1 is that the former decrease due to the in-
fluence of unaccounted-for variability factors. So, another im-
portant result is that the theory permits to determine a relative
contribution of the thermal conductivity in the temperature and
radio brightness variances and, thus, the contribution of other
factors. The height where this contribution in temperature vari-
ances becomes essential could be considered physically as the
upper bound of the atmosphere boundary layer where the sur-
face influence is predominated. From results shown in Fig. 3,
this boundary height is somewhere between 500 and 1000 m
(depending on the chose of the numerical criterion). It is pos-
sible to compare our results with another known definition of
the boundary layer depth as the height of diurnal temperature
wave extinction hy, = a+/Ty/7 = 565 m (T} is diurnal period),
using our value of the best fit turbulent diffusivity coefficient.
So, these definitions lead to similar results.

In Figs. 4 and 5, the empirical and theoretical [from (5)] cor-
relation functions R, between radio brightness and temper-
ature at 7 = +1 day for the frequencies 60 GHz (in the center
of the oxygen absorption band) and 54 GHz (on the slope of
the band) are shown. For the 60-GHz fequency (Fig. 4), these
functions are similar to those for correlation of the temperature
with its surface value (see Fig. 2), but the cross-correlation func-
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Fig. 2. Correlation function Rt between air temperature at height level =
and its surface value for time shifts 7 = 0, =1 day. (Solid line) Theoretical
functions. (Dashed line) Empirical functions.
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Fig. 3. Relation of rms variances of air temperature to rms variances of the
surface temperature. (Solid line) Theoretical variances. (Dashed) Empirical
variances.

tions for 7 = %1 differ from each other at z = 0, then become
equal at some height level above which their difference changes
the sign. This effect is qualitatively correctly described by the
theory. At 54 GHz, this difference is enhanced (see Fig. 5) as
well as the height of the maximum at 7 = 0 because the emis-
sion at this frequency is formed in a thicker layer (1.8 km) than
at 60 GHz (0.25 km), and it is more sensitive to temperature
variances at higher levels.

And, finally, in Fig. 6 one can see the empirical and theoret-
ical interfrequency correlation functions R, 1, between radio
brightness at 60 GHz and the brightness temperatures in the fre-
quency range 54-60 GHz at 7 = 0 as well as the relative radio
brightness variances o, /o in the same frequency range. One
can see that the theory is in a good agreement with the empirical
correlation functions for the frequencies 56—-60 GHz where it is
about unity. There is a very good agreement between the the-
oretical and empirical radio brightness variances. Some excess
in the value of the empirical variances should also be related to
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Fig. 4. Correlation function Rr,r between the temperature at height level
z and the radio brightness at the frequency 60 GHz (zenith direction) at time
shifts 7 = 0, =1 day. (Solid line) Theoretical functions. (Dashed) Empirical
functions.
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Fig.5. Same as in Fig. 8, but for the frequency 54 GHz. au: Fig. 8 is missing?

the unaccounted-for atmosphere variability factors, but low sen-
sitivity of the radio brightness variances to these factors could
be of use in determining the effective value of a? on from the
radiometric measurements by a simple formula (6).

At time shifts 7 = &£ 2 days, the results are still in qualitative
correspondence with the theory, but the influence of the unac-
counted-for variability factors is greater.

These results show a possibility to use the theory [5] in ra-
diometer methods of temperature profile retrieval by measure-
ments of thermal radio emission in the oxygen absorption band
[6]-[10]. Itis an ill-posed problem, and one of the most effective
methods of its solution is the statistical regularization method
[6]-[8], which uses the temperature covariance matrix. The re-
trieval method based on the Tikhonov’s theory [9], [10] may
also involve a statistical extrapolated temperature profile as the
most suitable first guess (the accuracy of the ill-posed problems
solution depends strongly on the first guess quality). If one has a
statistical ensemble of atmosphere sounding, it is convenient to
use empirical statistics. But there are large areas on earth where
there is no sonde statistics. Our approach permits to determine
the value of the effective diffusion coefficient by ground-based
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Fig. 6. Correlation function RTBTB between the radio brightness at the
frequency 60 GHz (zenith direction) and the radio brightnesses at frequencies
in the range 54-60 GHz for zero time shift (r = 0) and relation of rms
radio brightness variances in the same range to rms variances of the surface
temperature. (Solid line) Theoretical functions. (Dashed line) Empirical
functions.

radio brightness rms variations and to use this value for calcu-
lating the correlation matrix of temperature. This matrix is in
good agreement with the empirical matrix at zero time shift.
So, one can use this theoretical matrix in the statistical regu-
larization method and for the calculation of the first guess in the
Tikhonov’s method.

IV. GENERALIZATION OF THE THEORY FOR SPATIAL
ATMOSPHERE INHOMOGENEITIES

It is possible to use the analogy between the thermal conduc-
tivity equation and the two-dimensional (2-D) diffusion equa-
tion in the stationary case, which can be written as

or_ ko
oz pV, dz?

where the x direction is chosen in the horizontal plane in the
direction of the wind speed V,, = const. The diffusivity length
d = k/pV, plays the same role as the thermal diffusion coef-
ficient a? in the thermal conductivity equation. If the surface
temperature dependence Ty (x) is given, the solution of (9) is
expressed as

22

Using (10) and the emission transfer equation, it is easy to ob-
tain the formula for the radio brightness of inhomogeneous at-
mosphere and its inversion in the same way as has been done
in [2] on the basis of simultaneous solution of thermal con-
ductivity and emission transfer equations. Then, it is also pos-
sible to develop the stochastic theory of random spatial inhomo-
geneities using the complete analogy with the results of [3]-[5].

For example, in the case of the exponential spatial autocovari-
ance function of surface temperature

Ax

Bry1, (Az) = 0 exp <_r_> (11)
0

where 7y is the spatial correlation length in the z direction, the
correlation function between the temperature at any given height
level h and the surface temperature is expressed as

A
_ _x)> ()
To

>0 (12)

e = oo

z
La

where the geometric mean L, = +/dr is the length of the ver-
tical correlation of random temperature inhomogeneities. Itis an
interesting result ensuing from this theory. One can see that the
expression for the spatial covariance function (12) is similar to
the expression for the time covariance function (8) from which
it has been obtained. The same limitations as for the theory de-
veloped in [2]—[5] are also valid for this generalized theory. The
conception of turbulent diffusion is used in the simplest form
of well-known semiempirical theory (e.g., see [11]), where the
turbulent diffusion coefficient is assumed constant. But it made
possible obtaining of an exact analytical solution of the problem.
More complicated forms of eddy diffusion equations [11] can
be used only in a numerical analysis. The applicability of this
theory can also be understood by comparison of the results with
sonde statistics. It is clear that this theory describes situations
when there is a dominating horizontal wind component with the
mean value large enough for wind variations to be neglected. To
reduce the influence of the height dependence of diffusivity and
wind speed, one may assume some height level to be the sur-
face level, so that at higher altitudes these parameters could be
considered constants with stronger reason.

V. CONCLUSION

The results of application the earlier developed stochastic
theory of temperature distribution and thermal radio emission
of medium to real atmosphere are presented. For the exponen-
tial covariance function of the surface temperature (such covari-
ance functions are inherent in random processes generated by
the Poisson process) the validity of which was proved for real
atmosphere, the comparison with the corresponding empirical
parameters has been carried out using meteorological datasets.
The predicted effect of the correlation maxima shift has been
observed.

The results establish restrictions and applicability of the
theory. It proved possible to discern the thermal conductivity
contribution in the temperature and radio brightness variances.
The theory provides good qualitative interpretation of the
frequency and depth dependencies of statistical parameters; for
some of these parameters, in particular, for temperature and
radio brightness (in the oxygen absorption band) variances,
and for the correlation functions at 7 = 0 in the atmosphere
boundary layer (up to 1-1.5 km) there is a good quantitative
agreement.
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These results make it possible to use the theory [5] in ra-
diometer methods of temperature profile retrieval by measure-
ments of thermal radio emission without empirical statistics.

The theory based on simultaneous solution of the thermal
conductivity and the emission transfer equations [2]-[4] has
been generalized for the spatial (horizontal) atmosphere inho-
mogeneities, using the analogy between the thermal conduc-
tivity equation and the 2-D diffusion equation in the stationary
problem. In particular, this generalization defines the vertical
correlation length of atmosphere inhomogeneities as the geo-
metric mean from diffusion the length and horizontal correla-
tion length.

Further research should be focused on smaller spatial and
time scales including diurnal dynamics. In the theory, study of
an inhomogeneous medium is most important and it is possible
through the numerical analysis using the general approach de-
scribed in [4].
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