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Abstract 
Methods of the ultra low-frequency electromagnetic sounding of the conductivity 

into the earth crust based on wideband (in the frequency range 0.001-1000 Hz) meas-
urements of electromagnetic fields using both natural and artificial sources of are 
considered. The inverse problem is solved to retrieve continuous one-dimensional 
profiles of conductivity using iterative approach for the non-linear integral equation 
derived from Maxwell’s equations. A tomography method that uses many-frequency 
data of the 2D electromagnetic scanning along the earth surface is also proposed. The 
retrieval of the 3D structure of the conductivity in this method is based on the solu-
tion of the 3D integral equation that can be reduced to the convolution equation with 
respect to lateral co-ordinates in the frameworks of Born approximation. 
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1. INTRODUCTION 
This problem of ultra low-frequency electromagnetic 
(ULF) geomagnetic sounding of earth crust has been 
formulated firstly by A.N.Tikhonov [1] and solved by 
him for the one-dimensional multi-layered media. The 
frequency dependence of measured fields is in use in 
this sounding because the effective depth of the signal 
formation (skin-depth) is frequency-dependent and 
achieves few kilometers at lowest frequencies. This 
method is known as magnetotelluric exploration. 

An iteration method of the solution of this inverse 
problem for continuous one-dimensional distributions 
of the earth conductivity (profiles of conductivity) has 
been proposed in [2], and results of numerical study 
of this method are presented in this paper. 

It is clear, however, that the distribution of conduc-
tivity in the earth crust is, in general, three-
dimensional (3D), so methods should be worked out 
to solve this 3D problem of the earth crust tomogra-
phy. In this paper, a tomography method, based on the 
solution of 3D integral equations that are the 2D con-
volution equation with respect to lateral co-ordinates 
is developed. This method uses 2D data of near-
surface measurements of fields’ variations in depend-
ence on frequency (a parameter that determines the 
effective depth of signal formation into a medium).   

2. ITERATION METHOD OF CONDUCTIVITY 
PROFILING 

In the ULF range the approximation of Leontovich’s 
boundary conditions is valid, so the field in the me-
dium can be considered as a plane wave with compo-

nents Ex, Hy of electric and magnetic field 
respectively that propagate in the nadir direction rela-
tive the earth surface. Also, the permittivity at low 
frequencies is determined by the conductivity σ as  
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where ω is the cyclic frequency. Fields are measured 
at the surface level in dependence on frequency (in-
dexes are omitted):   
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These data can be compared to frequency depend-

ences for the homogeneous medium with the conduc-
tivity σ(z) = σ(0) = σ0: 
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=  is the skin-depth. To solve the 

problem of the conductivity profile sounding, it is 
possible to obtain from the Maxwell’s equations the 
integral expression [2]: 
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Using (3) as the first guess (H1 = H0) that is, in fact, 
the Born approximation, it is possible to solve the 
non-linear integral equation (4) iteratively: 
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where ΔH0 = H0 – H0, Δσ = σ (z)- σ0 and the expres-
sion (5) is written for real and imaginary parts of the 
field complex amplitude. At each step of the iteration, 
the expression (5) can be solved as a Fredholm inte-
gral equation of the 1st kind using the Tikhonov’s 
method of generalized discrepancy [1].  

In Fig.1 one can see results of the numerical mod-
eling of the retrieval of conductivity profile. One can 
see that it is possible to retrieve the subsurface profile 
of the conductivity using the proposed method with 
the high enough accuracy. The number of useful itera-
tions is depended on the accuracy of measurements.   

3. SCANNING ULF TOMOGRAPHY  
It is obvious that in general case the earth conductivity 
structure is three-dimensional. Let a scattering region 
with the complex permittivity 

0 1( , ) ( ) ( , )ε ω ε ω ε ω= +r

 

0
1

1
( ) ( ) ( , ) ( )

4
,

V

dε
πε

′ ′= + ∫0 0E r E r R r r E r r

r  is embedded in the half-

space z  ≤ 0, where 0 ( )ε ε ω= . In the presence of the 
scattering region, the electric field is determined 
as 

( )E r
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where the reference (unperturbed) field  is re-

lates to an external source. The resolvent  is deter-
mined by  and the Green tensor as known 
Neumann series.  
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Unfortunately, it is difficult to use the integral ex-
pression (6) because it is uneasy task to solve such 3D 
nonlinear equations. The possible consideration of the 
tomography problem can be based on the Born ap-
proximation ( 1 ( ) 0ε ε<<r ), where 

 and the scattered field compo-
nents of electric and magnetic fields are determined 
as: 
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where ,E HG  are known Green tensors. For the plane 
wave reference fields (3) in the medium, equations (7) 
are the 2D convolution equations over lateral co-
ordinates. So, it appears possible to work out the to-
mography method based on of 2D Fourier transform 
of (7) that reduces this problem to the solution of one-
dimensional Fredholm integral equations of the 1-st 
kind relative to the depth profile of lateral spectral 
components of permittivity variations σ1. Taking into 
account (1), obtain: 

 

  
Fig. 1.  An example of numerical modeling of the retrieval of the profile of conductivity. Left, “measured data” 

in arbitrary units in dependence on f = 2ω/π at the rms of the random error δH0 = 1; right, initial profile 
(bold), retrieval results: 1st iteration (dashed), 2nd iteration (solid).  
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the lateral spectrum of conductivity variations, 
is the lateral spectrum of measured varia-

tions of the magnetic field at the surface level (z = 0).  
1
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zκ κH

If, for example, variations of the y-component of 
the magnetic field are measured at the surface level in 
dependence on frequency, one has from (8) yet more 
simple equation for the lateral spectrum: 
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It is possible to see from (9) that the contribution of 

medium inhomogeneities in field variations is de-
creased at the scale of the skin-depth δ that depends 
on frequency. But there is also another kind of decay 
for near-field (evanescent) components (at 22 kκ⊥ > ) 
of the received signal. These components are rapidly 
decreased nearby inhomogeneities. 

The expression (9) is a Fredholm integral equation 
of the 1st kind relative to the depth profile of the lat-
eral conductivity variations spectrum for each pare of 
lateral wavenumbers. It is an ill-posed problem, and 
proper regularization methods should be applied for 
its solution. The Tikhonov’s method of generalized 
discrepancy [1] is very suitable to solve this one-
dimensional problem, because the only parameter of 
this method – the integral error for the lateral spec-
trum of measurement data – is easily estimated by the 

corresponding integral error of measured signal using 
the Plansherel’s theorem.  

Finally, the 2D inverse Fourier transform over lat-
eral co-ordinates of the retrieved lateral spectrum of 
the conductivity gives us the desired 3D distribution 
of the conductivity into the earth crust: 
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To realize this tomography method, it is enough to 
make measurements only in two places simultane-
ously because, in fact, the equation (9) depends on the 
ratio of the reference and scattered fields. The first 
place (the reference point) should be chosen some-
where outside the inhomogeneous region; the second 
is one of 2D grid points of the region to be studied. 
So, step by step, all 2D data can be obtained.  

4. CONCLUSION 
The possibilities of ULF electromagnetic sounding of 
the subsurface conductivity of the earth crust are stud-
ied. Cases of one-dimensional and three-dimensional 
conductivity inhomogeneities are considered.  

In the first case, an iteration method based on the 
solution of non-linear integral equation has been 
worked out to retrieve the subsurface profile of con-
ductivity. Results of numerical modeling are pre-
sented.  

A tomography method is proposed that uses 2D 
wide band ULF measurements of near-surface field 
variations above the studied region of 3D subsurface 
inhomogeneities of earth conductivity. Method uses 
the lateral Fourier transform of the integral expression 
for the scattered field obtained in the Born approxima-
tion. This transform reduces the 3D integral equation 
to one-dimensional Fredholm integral equation of the 
1st kind relative to the depth profile of the lateral spec-
trum of conductivity. The inverse 2D Fourier trans-
form of this equation solution gives the desired 3D 
distribution of the subsurface conductivity. 

ACKNOWLEDGMENTS 
The work reported in this paper was supported in part 
by Russian Foundation for Basic Research (grant 
No. 04-02-16120) and by two Programs of Physical 
Department of the Russian Academy of Sciences. 
 

REFERENCES 
1. Tikhonov A.N. 1977, ‘Solution of ill-posed prob-

lems.’ Winston, New York. 
2. Gaikovich K.P. 2004, ‘Inverse Problems in Physi-

cal Diagnostics.’ Nova Science Publishers Inc., 
New York. 

 
 

 Ultrawideband and Ultrashort Impulse Signals, 19-22 September, 2004, Sevastopol, Ukraine 3 


