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MEASUREMENTS OF THE ATMOSPHERIC REFRACTION USING DIFFERENT RAY PATHS 

K. P. Gaikovich and M. B. Chernyaeva UDC 525.73;520.16:551.521.32:629.7S 

We obtain integral expressions relating the values of the astronomical refraction measured from the ground at a 
positive elevation angle, the limb refraction measured from a satellite using occultation technique at negative 
elevation angles, and the refraction measured by the immersion method in which a source or a receiver change 
their locations in the atmosphere. 

1 .  INTRODUCTION 

At present, much attention is focused on the capabilities of remote sensing of the atmosphere, such as reconstruction of 
the altitude profile of the refractive index and other atmospheric parameters using the measured characteristics of radiation from 
extraterrestrial sources. Techniques aimed at reconstruction of the refractive-index profile are developed for reception schemes 
of different geometrical configuration, e.g., satellite-borne limb measurements of the refraction [1-22], ground-based 
measurements of the astronomical refraction [23-30], or refraction determination by the immersion technique [31, 32]. Some of 
the problems mentioned are ill-posed and can be solved if additional a priori information on the form of their solutions is used. 
It is interesting to compare the data obtained using different experimental schemes, since modern navigation systems allow one 
to perform simultaneous measurements over a wide variety of different ray paths. Of course, each scheme has its own 
advantages and drawbacks. For example, limb measurements have good resolution over altitude (geocentric distance), and the 
refraction is formed on a horizontal scale of about 1000km. Ground-based measurements have low altitude resolution but better 
binding to the measurement location. Measurements using the immersion method can yield good resolution in both vertical and 
horizontal directions. Each method has its own specific errors. In particular, the contributions of horizontal irregularities of the 
refraction index to refraction measurements is different, and this contribution should be treated as a measurement error if the 
altitude profiles are reconstructed in the framework of the spherically symmetric model of the atmosphere. 

To adequately compare the results of refractometric methods, one should know the accuracy of matching of refraction 
measurements over different ray paths. This paper is aimed at obtaining formulas relating the values of refraction corresponding 
to different measurement schemes and allows one to calculate certain refraction value using the data obtained by another 
method. In this case, one should take into account the indicated discrepancies in refractometric data used to remote diagnosis of 
the altitude distributions of the atmospheric parameters. 

2. INITIAL RELATIONS 

To achieve the goals formulated above, we use initial integral relationships for the refraction angle measured using the 
corresponding ray paths. We use also the relevant formulas for their inversion with respect to the altitude profile of the 
refractive index. The latter formulas are obtained when solving inverse problems. 
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2.1.   Inverse problem for astronomical refraction 

In this case, the following Fredholm integral equation of the 1st kind for the angle e of astronomical refraction as a 
function of the position angle θ of the incoming ray plays the role of the initial equation: 

 

where p = n(r)r, n is the refractive index of the atmosphere, r =r0 + h is the geocentric distance, h is the altitude above the 
Earth's surface, p0 = n(r0)r0, r0 is the radius of the Earth, pθ = n(r0)r0cosθ, and N = 106 (n — 1) is the refraction index. A 
profile N(p) is transformed into N(h) using the relation 

 

The geometrical scheme of the measurements is given in Fig. 1. 

If the integration by parts is performed in initial relationship (1) for the astronomical refraction, this formula is reduced 
to 

 

where 

 
 

 

so the value N0 = N(p0) of the refraction index in the boundary layer becomes salient. 

It is impossible to solve integral Fredholm equation (2) and find the explicit inversion formula for the inverse problem 
on reconstruction of refraction-index altitude profile. It is known that such a problem is ill-posed and should be solved using 
various regularization methods [23-30]. 
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2.2.   Inverse refraction problem for limb 
measurement 

In the case of the limb scheme in which occultation measurements of 
the refraction dependence on the geocentric distance of the ray perigee 
are performed, the initial integral equation is of Abel type: 

 

where , ph = n(rh)rh , rh =r0 + h is the geocentric distance to the ray 
perigee and h is the ray-perigee latitude above the earth's surface. 
Equation (4) is well-posed only if the refraction dependence on the 
impact parameter ph is known on the entire reconstruction range of the 
refraction-index profile. In this case, the inverse Abel transform [1-22] 

 

yields the exact solution of Eq. (4) for the refractive-index profile. Figure 2 shows 
the geometric scheme of limb measurements. 

2.3.   Inverse refraction problem for immersion-method measurement 

The inverse refraction problem for immersion-method measurements, in which the receiver or transmitter changes 
position in the studied atmosphere and the height dependence of refraction is measured, is reduced to reconstruction of the 
refraction-index profile from the equation [31-32] 

 

in which p > ph. If the position angle θ of the incoming ray is constant, we have the following inversion formula for this 
equation [31]: 

 

The geometrical scheme of measurements by the immersion method is given in Fig. 3. 

3.   RELATIONSHIP BETWEEN THE REFRACTION ANGLES DETERMINED USING DIFFERENT RAY PATHS 

We consider the problem on the determination of the relationship between the values of the astronomical refraction 
and the refraction obtained by limb measurements. This relationship can be obtained using Eqs. (1) and (5). Integrating by 
parts the refraction-index profile (5): 
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substituting the result into the astronomical-refraction equation (1), and changing the order of integration, we arrive at the 
expression 

 
 

in which the inner integral can be evaluated in explicit form. As a result, we find the desired relationship between the 
astronomical refraction ε and the refraction εL determined by limb measurements: 

 

Integrating by parts, we present Eq. (8) in the following form: 

 

where p0 ≤ ph ≤ pmax. 
In particular, in the limiting case θ = 0, Eq. (9) is reduced to the obvious relationship 

 

If Eq. (2), in which the refraction-index altitude profile (5) is substituted, is integrated by parts and used instead of the initial 
equation (1) for astronomical refraction, we can find the formula relating astronomical and limb refraction: 

 
 

in which the term determined by the ground value of refraction index is separated. 
It is seen from Eqs. (9) and (11) that determination of the astronomical refraction, corresponding to ground-based 

measurements, using limb refractometric data is a well posed problem, while the inverse problem of determination of the limb 
refraction using position-angle measurements of the astronomical refraction is ill-posed and reduces to an integral Fredholm 
equation of the 1st kind. 

Next, we consider the problem of determination of the relationship between the refraction measured by the immersion 
method and by limb measurements. To obtain the desired equation for the refraction angles ε and εL the refraction-index 
profile from inversion formula (7). Substituting this profile into Eq. (4), which corresponds to limb measurements, we get 

 
 

Equation (12) allows one to determine the limb refraction in the case where the refraction is measured in the course of 
immersion of the source or receiver into the atmosphere. We should point out, however, that 
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this problem is ill posed, since it contains a derivative with respect to the experimental data. Inversion of this equation requires 
the use of regularization methods. In this case, it is important that, integrating Eq. (12) by parts, one cannot eliminate the 
derivative in this integral. It is easily seen that the inverse problem on determination of the refraction by the immersion method 
using the limb measurements is reduced to Eq. (9) written for an arbitrary altitude inside the atmosphere. As was mentioned 
above, such a problem is well posed. 

In principle, similar relations can be obtained for other characteristics of atmospheric emission and absorption 
measured using different ray paths. 

4.   CONCLUSION 

In this paper, we consider problems on the relationships of refraction values determined using geometrically different 
experimental schemes, in particular, astronomical refraction determined from ground-based measurements at positive position 
angles, limb refraction corresponding to measurements at negative position angles, and refraction measured by the immersion 
method. We find the corresponding equations relating the astronomical and limb refraction, as well as the limb and immersion-
method refraction. The obtained relationships can be used for comparison of the refraction data obtained using different ray 
paths and for evaluation of certain data using the data obtained in different measurements. Similar relationships can also be 
obtained for other parameters of the atmospheric emission and absorption. 

This work is supported by the Ministry of Education of the Russian Federation (grant No. 97-0-8.1— 
27). 
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